In this paper complexes with N -nilpotent differentials are considered. We proceed by generalizing a defining property of injective and projective resolutions to define dg-injective and dg-projective N -complexes, and construct dg-injective and dgprojective resolutions for arbitrary N -complexes. As applications of these results, we prove that the category D N (R) is compactly generated, the category K N (I ) of injectives is compactly generated whenever R is left noetherian, and the category K N (P) of projectives is compactly generated whenever R is a right coherent ring for which every flat left R-module has finite projective dimension. We also establish a recollement of the category K N (R) relative to K ex N (R) and D N (R).
Introduction
Homological algebra mostly studies complexes having a differential d satisfying d 2 = 0. It is natural to ask why d 2 = 0 and not, say, d 3 = 0. The idea to investigate complexes with a differential d such that d N = 0 where N 3 was introduced by Kapranov, [11] and there he hinted at their possible connections to quantum theories. Since then many papers have appeared on the subject, many of them studying their interesting homology (recently called "amplitude homology"), pointing to their relevance in theoretical physics, and indicating some possible applications of N -complexes for certain nonassociative algebras. In 2013 Gillespie [5] made a brief study of contractible N -complexes. In 2015 Yang and Ding [16] provided an effective construction of left and right triangles, and proved that the homotopy category and the derived category of N -complexes are pretriangulated categories.
In classical homological algebra the most fundamental concept is that of a resolution of an object. In the theory of derived categories an analogous role is played by resolutions of complexes. Resolutions of bounded complexes can be handled in much the same way as resolutions of objects, but the situation for unbounded complexes is different. Here, we proceed by generalizing a defining property of injective and projective resolutions to define dg-injective and dg-projective N -complexes, and construct dg-injective resolution of any bounded-above N -complex and dg-projective resolution of any bounded-below N -complex. Furthermore, we prove that dg-injective and dg-projective resolutions for arbitrary N -complexes by these special N -complexes exist.
There have been some beautiful results, starting in 2005 with Krause [12] and Jøgensen [10] , and continuing with Iyengar and Krause [9] and Neeman [15] that focus on the properties of the homotopy category K(X ) in the usual sense (N = 2). The results of Krause and Jøgensen proved that for sufficiently nice rings, K(InjR) and K(PrjR) are compactly generated and are infinite completions of D b (R) op and D b (R), respectively. In this paper, we show that the category D N (R) is compactly generated, the category K N (I ) of injectives is compactly generated whenever R is left noetherian, and the category K N (P) of projectives is compactly generated whenever R is a right coherent ring for which every flat left R-module has finite projective dimension. We also establish a recollement of the pretriangulated category K N (R) relative to K ex N (R) and D N (R).
Preliminaries and basic facts
Unless otherwise stated, we assume throughout this paper that A is an abelian category.
This section is devoted to recalling some notions and basic consequences for use throughout this paper. For terminology we shall follow [1] , [2] and [3] when working with left, right, and pretriangulated categories, and we shall follow [5] and [16] when working with N -complexes.
Left and right triangulated categories.
Let T be an additive category and Ω : T → T an additive endofunctor. Let LT (T , Ω) denote the category with objects the diagrams in T of the form ΩZ → Z 2 the triples (f, g, h) of morphisms in T from (X 1 , Y 1 , Z 1 ) to (X 2 , Y 2 , Z 2 ), which make the following diagram commutative:
Such a morphism is said to be an isomorphism if f, g, h are isomorphisms in T . A left triangulation of the pair (T , Ω) is a full subcategory Δ of LT (T , Ω) that satisfies the following axioms.
(LT1) Δ is closed under isomorphisms. For every object X in T , the diagram 0 → X idX → X → 0 belongs to Δ. For any morphism ω : Y → Z, there exists a diagram in Δ of the form ΩZ
(LT3) Given two diagrams ΩZ μ where the upper row is in ∇ and the lower row is in Δ, there exists a morphism h : Z → Y making the diagram commutative.
(PT5) For any diagram in T with commutative right square:
where the upper row is in ∇ and the lower row is in Δ, there exists a morphism h : Y → X making the diagram commutative.
A pretriangulated category is an additive category together with a pre-triangulation and is denoted by T = (T , Σ, Ω, ∇, Δ, ε, η). A nice introduction to the basic idea of a pretriangulated category can be found in [3] .
Let T be a left (resp. right) triangulated category. A full additive subcategory S in T is called a left (resp. right) triangulated subcategory if it is replete, if ΩS ⊆ S (resp. ΣS ⊆ S ), if for any left triangle ΩZ → X → Y → Z (resp. right triangle X → Y → Z → ΣX ) such that Y, Z are in S , the object X is also in S (resp. such that X , Y are in S , the object Z is also in S ). Let T be a pretriangulated category. A full additive subcategory S in T is called a pretriangulated subcategory if S is a left and right triangulated subcategory. A thick subcategory S of a pretriangulated category T is a full pretriangulated subcategory of T such that S is closed under isomorphism classes and taking direct summands.
N -complexes.
By an N -complex X (N 2) we mean a sequence of objects in A
That is, composing any N -consecutive morphisms gives 0. So a 2-complex is a chain complex in the usual sense. A chain map or simply map f : X → Y of N -complexes is a collection of morphisms f n : X n → Y n making all the rectangles commute. We get a category of N -complexes, denoted by C N (A ), whose objects are N -complexes and whose morphisms are chain maps. This is an abelian category.
For an N -complex X, there are N − 1 choices for homology. Indeed, for t = 1, · · · , N, we define Z
the amplitude homology objects of X for all t. We say X is N -exact, or just exact, if H t n (X) = 0 for all n and t. The class of exact N -complexes is denoted by E N . The category of RA ∞ ∞ /I N -modules is equivalent to the category of N -complexes of modules (see [4] ).
(2) Let R be a ring and N 2 an fixed integer. The category of graded modules over the graded ring R[x]/(x N ) is isomorphic to the category of N -complexes (see [6] ).
Diagrams (2.2) and (2.3) both commute. Given an object A of A , we define N -complexes D t n (A) for t = 1, · · · , N as follows. D t n (A) consists of A in degrees n, n − 1, · · · , n − (t − 1), all joined by identity morphisms, and 0 in every other degree. We will call it the disk on A of degree n. Let {M n |n ∈ Z} be objects in
Two chain maps f, g : X → Y are called chain homotopic, or simply homotopic, if there exists a collection of morphisms {s n : X n → Y n+N −1 } such that
If f and g are homotopic, then we write f ∼ g. We call a chain map f null homotopic if f ∼ 0. There exists an additive category K N (A ), called the homotopy category of N -complexes, whose objects are the same as those of C N (A ) and whose Hom sets are the ∼ equivalence classes of Hom sets in C N (A ). An isomorphism in K N (A ) is called a homotopy equivalence.
Left and right triangles in
Then ΩX is an N -complex that is called the loop on
Then F ω is an N -complex. We also have the following commutative diagram in C N (A ) with degreewise split exact rows:
Then ΣX is an N -complex that is called the suspension on
Then C μ is an N -complex. We also have the following commutative diagram in C N (A ) with degreewise split exact rows:
We say a diagram in K N (A ) is a left triangle if it is isomorphic to a diagram
arising from a chain map ω : Y → Z, where μ and ν are the canonical chain maps. We say a diagram in K N (A ) is a right triangle if it is isomorphic a diagram
arising from a chain map μ : X → Y , where ν and ω are the canonical chain maps. If N = 2, then ΩΣX = X and ΣΩX = X for any 2-complex X, i.e., Ω = Σ −1 and Σ = Ω −1 . Moreover, the notion of left (or right) triangles coincides with the usual notion of distinguished triangles [13, p.11] . Murfet [13] proved that the additive category K 2 (A ) together with the additive automorphism Σ and the class of distinguished triangles defined above is a triangulated category (see [13, Theorem 12] ). But for the case of N 3 there is no further information. However, Yang and Ding [16] proved the following result. Proof. We just prove (1) since (2) is proved dually. Suppose τ f ∼ 0. Then we have a commutative diagram of left triangles in K N (A ):
Therefore, (LT3) implies that f factors through ν.
Suppose that f : C → X factors through ν. Then we have the following commutative diagram of left triangles in K N (A ): 
Quasi-isomorphisms.
for all n and t. We say that f is a quasi-isomorphism if each H t n (f ) is an isomorphism. Quasi-isomorphisms are marked by placing the sign next to their arrow.
Lemma 2.5. ([16, Lemma 4.1])
The class E N of exact N -complexes forms a thick subcategory of K N (A ). The corresponding class of morphisms
is the class of all quasi-isomorphisms in K N (A ).
The pretriangulated category D N (A ).
By [16, Lemma 4.3] , S = Mor EN is a saturated multiplicative system in K N (A ). Then one can define the quotient category
Then there exists a canonical functor
−1 for some chain maps fitting into the diagrams of the forms
We say a diagram in D N (A ) is a left triangle if it is isomorphic to a diagram 
Homotopy resolutions of N -complexes
The main aim of this section is to investigate the existence of dg-projective and dg-injective resolutions for arbitrary N -complexes. Definition 3.1. Assume that A has enough projectives and let P be the class of projectives. An N -complex P is called dg-projective if P n ∈ P for all n, and every f : P → E is null homotopic whenever E ∈ E N . We denote the class of dg-projective N -complexes by dg P N . Assume that A has enough injectives and let I be the class of injectives. An N -complex I is called dg-injective if I n ∈ I for all n, and every f : E → I is null homotopic whenever E ∈ E N . We denote the class of dg-injective N -complexes by dg I N .
Lemma 3.2. ([16, Lemma 5.5]) (1)
Assume A has enough projectives and let P be the class of projectives. Then every bounded-below N -complex of projectives is dgprojective.
(2) Assume A has enough injectives and let I be the class of injectives. Then every bounded-above N -complex of injectives is dg-injective. 
The first task is to construct dg-projective resolution of any bounded-below Ncomplex and dg-injective resolution of any bounded-above N -complex. Proposition 3.4. Suppose A has enough projectives and let P be the class of projectives.
(1) Every bounded-below N -complex X admits a quasi-isomorphism P → X with P a bounded-below N -complex in P.
(2) If f : X → Y is a chain map of bounded-below N -complexes, u : P → X a quasi-isomorphism with P a bounded-below N -complex in P, then there is a unique, up to homotopy, chain map g such that the following diagram in K N (A ) commutes:
where v : Q → Y is a quasi-isomorphism and Q a bounded-below N -complex in P.
In particular, if f = id X , then g is a homotopy equivalence.
Proof.
(1) Let X be a bounded-below N -complex-say, X i = 0 for all i < n. For i < n we define P i = 0. Choose any epimorphism P n → X n with P n ∈ P. Suppose that for some k > n we have constructed an object P k−1 ∈ P and morphisms d
and choose an epimorphism P k → U k with P k ∈ P. Define morphisms d P k : P k → P k−1 and P k → X k in the obvious way. Consider the pullback diagram
and choose an epimorphism P k+1 → U k+1 with P k+1 ∈ P. Define morphisms P k+1 → P k−1 and P k+1 → X k+1 in the obvious way. Applying the property of pullback for diagram (3.1), we get a commutative diagram:
and hence there exists d P k+1 : P k+1 → P k . Continuing this process, consider the pullback diagram
and choose an epimorphism P k+N −3 → U k+N −3 with P k+N −3 ∈ P. Define morphisms P k+N −3 → P k−1 and P k+N −3 → X k+N −3 in the obvious way. Consider the pullback diagram
and choose an epimorphism P k+N −2 → U k+N −2 with P k+N −2 ∈ P. Define morphisms P k+N −2 → P k−1 and P k+N −2 → X k+N −2 in the obvious way. Applying the property of pullback for diagram (3.3), we obtain a commutative diagram:
and so there exists d
Repeating this process, we get an N -complex P : · · · → P n+1 → P n → 0 → · · · together with a chain map P → X. It remains to show that P → X is a quasi-isomorphism. For t = 1, · · · , N − 1, the above pullback diagrams give rise to a pullback diagram:
where the horizontal morphisms are monomorphisms. It follows from [13, Lemma 68] that the vertical morphism on the right is an epimorphism. Thus, [14, Lemma 35] implies that H 
Note that C v , F v are exact and P is bounded below; it follows from Lemma 3.2 that 0 = Hom KN (A ) (P, F v ) = Hom KN (A ) (P, C v ). This implies that
and hence there is a unique, up to homotopy, chain map g : P → Q such that vg ∼ fu. The second statement follows from Lemma 3.3.
The dual result is given by the following. Proposition 3.5. Suppose A has enough injectives and let I be the class of injectives.
(1) Every bounded-above N -complex X admits a quasi-isomorphism X → I with I a bounded-above N -complex in I .
(2) If f : Y → X is a chain map of bounded-above N -complexes, u : X → I a quasiisomorphism with I a bounded-above N -complex in I , then there is a unique, up to homotopy, chain map g such that the following diagram in K N (A ) commutes:
where v : Y → J is a quasi-isomorphism and J a bounded-above N -complex in I . In particular, if f = id X , then g is a homotopy equivalence.
We now investigate the existence of dg-projective resolution and dg-injective resolution for arbitrary N -complexes.
Let X be an N -complex and n ∈ Z. We define X ⊃n to be the N -complex
There exists an obvious monomorphism of N -complexes u : X ⊃n X. As subobjects of X, it is clear that X ⊃n X ⊃n−1 . In fact, the inclusions {X ⊃n X} n 0 are a direct limit in C N (A ). That is, X = lim − → n 0 X ⊃n . We also define X ⊂n to be the Ncomplex
where the differentiald is the induced morphism on residue classes. There is an obvious epimorphism of N -complexes X X ⊂n . As quotients of X, it is clear that X ⊂n X ⊂n−1 . In fact, the quotients {X X ⊂n } n 0 are an inverse limit in C N (A ). That is, X = lim ← − n 0 X ⊂n . Remark 3.6. The set N = {0, 1, 2, · · · } is a directed set in the canonical way (with minimum 0). Let A be a cocomplete abelian category, and suppose we are given a direct system {G n , u nm } n∈N over this directed set. This is just a sequence of objects and morphisms in A (writing u n for u n(n+1) )
Let v : n∈N G n → n∈N G n be the morphism induced out of the first coproduct by the morphisms u n : G n → G n+1 . That is, vι n = ι n+1 u n where ι n is the injection of G n into the coproduct. Given a cokernel n∈N G n → C of the morphism 1 − v it is clear that the composites G n → n∈N G n → C are a direct limit for direct system {G n , u nm } n∈N .
Definition 3.7. Let A be a cocomplete abelian category, and suppose we have the following sequence of chain maps of N -complexes
Then C N (A ) is a cocomplete abelian category, so as in Remark 3.6 we can define a chain map v : n∈N G n → n∈N G n . The homotopy direct limit of the above sequence is the suspension C 1−v on n∈N G n , and we denote the object C 1−v by holim −−−→ G n . This means that there exists a right triangle in K N (A ):
Given a morphism of direct systems of N -complexes,
in K N (A ) commutative, where ν and ω are the canonical chain maps.
Theorem 3.8. Suppose
A is a Grothendieck category with enough projectives, and let P be the class of projectives. Then every N -complex X admits a quasi-isomorphism P → X with P a dg-projective N -complex.
Proof. Let X be any N -complex. Since the N -complex X ⊃n is bounded below for n 0, we can find a bounded-below N -complex P n in P and a quasi-isomorphism θ n : P n → X ⊃n by Proposition 3.4(1). Using Proposition 3.4(2) at each stage, we can choose these resolutions in such a way that we have the following commutative diagram of N -complexes:
Thus there is an induced morphism of right triangles in K N (A ):
Applying canonical functor Q to the above diagram, we can obtain a morphism of right triangles in D N (A ). But Q( θ n ) is an isomorphism; it follows that Q(holim −−−→ θ n )
is an isomorphism. ) give a quasiisomorphism holim −−−→ n 0 X ⊃n → lim − → n 0 X ⊃n = X. Composing with holim −−−→ θ n yields a quasi-isomorphism holim −−−→ n 0 P n = P → X. Note that
is exact and n 0 P n is dg-projective; it follows from [16, Lemma 2.17] that
This implies that P is a dg-projective N -complex.
Remark 3.9. The set N op = {0, 1, 2, · · · } is an inverse directed set in the canonical way (with maximum 0). Let A be a complete abelian category, and suppose we are given an inverse system {G n , u nm } n∈N over this inverse directed set. This is just a sequence of objects and morphisms in A (writing u n for u n(n−1) )
Let v : n∈N G n → n∈N G n be the morphism induced into the second product by the morphisms u n+1 :
where π n is the projection onto of G n out of the product. Given a kernel K → n∈N G n of the morphism 1 − v it is clear that the composites K → n∈N G n → G n are an inverse limit for inverse system {G n , u nm } n∈N .
Definition 3.10. Let A be a complete abelian category, and suppose we have the following sequence of chain maps of N -complexes
Then C N (A ) is a complete abelian category, so as in Remark 3.9 we can define a chain map v : n∈N G n → n∈N G n . The homotopy inverse limit of the above sequence is the loop F 1−v on n∈N G n , and we denote the object 
Given a morphism of inverse systems of N -complexes:
commutative, where μ and ν are the canonical chain maps.
Theorem 3.11. Suppose A is a Grothendieck category with enough projectives, and let I be the class of injectives. Then every N -complex X admits a quasi-isomorphism X → I with I a dg-injective N -complex.
Proof. The proof is dual to that of Theorem 3.8.
The homotopy categories D N (R) and K N (I )
In this section, A is the category of left R-modules and I the class of injectives. We denote the homotopy category of N -complexes in I by K N (I ). We show that the category D N (R) is compactly generated, and the category K N (I ) is compactly generated when R is left noetherian. Definition 4.1. Let T be a pretriangulated category closed under set-indexed coproducts. An object C ∈ T is compact if the natural map λ∈Λ Hom T (C, X λ ) −→ Hom T (C, λ∈Λ X λ ) is an isomorphism for any family {X λ } λ∈Λ of objects in T . We denote by T c the full subcategory of T that is formed by all compact objects. Clearly, T c is right triangulated. A set of objects G ⊆ T is called a generating set if the implication Hom T (G, X) = 0 for all G ∈ G =⇒ X = 0 holds for all objects X ∈ T . If T has a generating set consisting of compact objects, then T is called compactly generated. Proof. "Only if" part. By [7, Proposition 8.19 ] there is a quasi-isomorphism s : Z → X such that us = 0. Hence (RT3) yields a morphism of right triangles:
Note that C s is exact by [16, Corollary 3.3] , so the proof is complete. "If" part. Assume u factors through Z ∈ E N . Then Q(u) factors through Q(Z) = 0, which implies that Q(u) = 0 in D N (R). Proof. Let {X λ } λ∈Λ be a family of objects in C N (R), and let Y be an object in C N (R). By Corollary 2.4 we have a commutative diagram with exact rows:
Thus the canonical homomorphism Hom
is an isomorphism. This implies that arbitrary direct sums exist in K N (R). Let {X λ } λ∈Λ be a family of objects in K N (R). For each μ ∈ Λ, we denote by ι μ : X μ → λ∈Λ X λ the injection. We claim that the canonical homomorphism
−1 with s μ : W μ → X μ a quasi-isomorphism and embed s μ in a right trian-
. Then for each μ ∈ Λ, we have a morphism of right triangles:
Next we show that h is an isomorphism. We have a commutative diagram of functors:
where (−, −) = Hom KN (R) (−, −). Note that the top and the bottom rows are exact, as is the middle one. Thus by the five lemma, (h, −) is an isomorphism, and so is h by Yoneda lemma. Also, since C λ is exact for all λ ∈ Λ, λ∈Λ C λ is exact and so λ∈Λ s λ is a quasi-isomorphism by [16, Corollary 3.3] . For each μ ∈ Λ, there exists
Claim 2: ξ Y is a monomorphism. Proof. Let γ ∈ Hom DN (R) ( λ∈Λ X λ , Y ) with γQ(ι λ ) = 0 for all λ ∈ Λ, and let γ = Q(t) −1 Q(g) with t : Y → Y a quasi-isomorphism. We claim that Q(g) = 0. For any λ ∈ Λ, since Q(t) −1 Q(gι λ ) = 0, Q(gι λ ) = 0. Then Lemma 4.2 implies that gι λ factors through some E λ ∈ E N , and so g factors through λ∈Λ E λ ∈ E N . Therefore, again by Lemma 4.2, Q(g) = 0. Lemma 4.4. For any R-module A and any N -complex X, we have isomorphisms
Proof. We just prove the first isomorphism since the second follows by duality.
We may consider that (Hom CN (R) (i, X) ) and
is an isomorphism for all X ∈ K N (I ) and all n, t. Therefore, i t n A is a compact object in K N (I ) for all n and t whenever A is finitely generated. 
Proof. We can complete the quasi-isomorphism D
t n (A) ι → i t n A to a right triangle D t n (A) ι → i t n A → C ι → Σ(D t n (A)) and a left triangle Ω(i t n A) → F ι → D t n (A) ι → i t n A in K N (R). Then Hom KN (R) (C ι , X) ∼ = Hom KN (R) (C ι , X n+N −1 ) = 0, Hom KN (R) (F ι , X) ∼ = Hom KN (R) (F ι , X n ) = 0 Also, Ext 1 CN (R) (D t n (A), ΩX) ∼ = Ext 1 R (A, Z
The homotopy category K N (P)
In this section, A is the category of left R-modules and P the class of projectives. We denote the homotopy category of N -complexes in P by K N (P). We show that the category K N (P) is compactly generated when R is a right coherent ring for which every flat left R-module has finite projective dimension.
Let X be an N -complex. We define X * to be the N -complex
Construction 5.1. Let R be right coherent and M a finitely presented left Rmodule. By the proof of Proposition 3.4(1), we can choose a quasi-isomorphism P π → (D t n (M )) * with P bounded below and each P l finitely generated projective.
There is also a canonical homomorphism D
If we consider P * and P to be objects of K N (P) and K N (P op ), then P * depends functorially on P , and P depends functorially on (D 
We need to show that every chain map α : X → Y is null-homotopic. Thus for a given α we must construct a collection of morphisms s m : X m → Y m+N −1 , such that
for all m. We do so by induction on m. Since X or Y is bounded below, we must have s m = 0 for m 0. For the inductive step, assume that s m has been constructed for all m <m. Using that α is a chain map and that ( * m −1 ) holds, we see that
, and it follows that there exists sm :
Similarly, one establishes the next lemma.
Lemma 5.3. Assume that X, Y ∈ C N (R) with either X bounded above or Y bounded above. If
Remark 5.4. Let R be right coherent and A a finitely presented left R-module. Then Construction 5.1 provided a quasi-isomorphism D t n (A) → P with P a bounded-above N -complex of finitely generated projective left R-modules for any n and t. We denote the N -complex P by p t n A.
Lemma 5.5. Let R be right coherent and A a finitely presented left R-module. Then for any X ∈ K N (P) we have an isomorphism
In particular, p t n A is a compact object in K N (P). Theorem 5.6. Let R be a right coherent ring for which every flat left R-module has finite projective dimension. Then the category K N (P) is compactly generated.
Proof. Each N -complex p t n A is a compact object in K N (P) by Lemma 5.5. It remains to show that G = {p t n A|A ∈ R-Mod is finitely presented} is a set of generators of K N (P). So suppose that X in K N (P) has Hom KN (P) (G, X) = 0 for every G ∈ G . We show that X ∼ = 0 in K N (P).
First 0 = Hom 
is projective for all n and t by induction. Thus X is a projective N -complex by the dual of [4, Theorem 4.5] , and hence X ∼ = 0 in K N (P), as desired.
Recollements
Let L be a class of left R-modules. We denote the full subcategory formed by all exact N -complexes in K N (L ) by K 
is a left triangle in T 2 . Similarly one defines right exact functors between right triangulated categories. Let H : T 1 → T 2 be a functor between pretriangulated categories. Then H is called exact if H is left and right exact.
Let T , T and T be pretriangulated categories. The diagram of exact functors
is a recollement of T relative to T and T , if the following conditions are satisfied: (R1) The functor i * is fully faithful and has a left adjoint i * and a right adjoint i ! ; (R2) The functor j * has a fully faithful left adjoint j ! and a fully faithful right adjoint j * ; (R3) Imi * = Kerj * .
Theorem 6.1. Let R be a ring. We have the following recollement:
is an equivalence of left triangulated categories.
Proof. We first construct the functors involved. Let X be an N -complex. Then Theorem 3.8 yields a quasi-isomorphism s : P → X with P ∈ dg P N , and we have a right triangle P s → X → C s → ΣP with C s ∈ K ex N (R). Suppose that t : P → X with P ∈ dg P N . Then we have a commutative diagram:
such that P ∈ dg P N and s , t are quasi-isomorphisms. Thus we have the following morphism of right triangles in K N (R):
Note that t is a homotopy equivalence; it follows that
On the other hand, let 0 ∼ f ∈ Hom KN (R) (X, Y ). Then we have a morphism of right triangles in K N (R):
where P, Q ∈ dg P N and s, t are quasi-isomorphisms. We obtain g ∼ 0, and hence h ∼ 0. This implies that i
given by i * (X) = C s is a functor. Let E be an exact N -complex. Then we have an exact sequence
But Hom KN (R) (ΣP, E) ∼ = Hom KN (R) (P, ΩE) = 0; it follows that
This shows that (i * , inc) is an adjoint pair.
Let X be an N -complex. Then Theorem 3.11 yields a quasi-isomorphism s : X → I with I ∈ dg I N , and we have a left triangle ΩI → F s → X s → I with F s ∈ K ex N (R). By analogy with the preceding proof, we see that
Then we have an exact sequence
Let X be an N -complex. Then Theorem 3.8 yields a quasi-isomorphism s : P → X with P ∈ dg P N . On the other hand, let 0 f ∈ Hom DN (R) (X, Y ). Then we have a commutative diagram in K N (R):
where P, Q ∈ dg P N and s, t are quasi-isomorphisms. We obtain g 0. This implies that j ! : D N (R) → K N (R) given by j ! (X) = P is a functor. Let X, Y be N -complexes and P → X, Q → Y with P, Q ∈ dg P N . Then Lemma 3.3 implies that Hom DN (R) (X, Y ) ∼ = Hom DN (R) (P, Q) ∼ = Hom KN (R) (j ! (X), j ! (Y )), which shows that j ! is fully faithful. Also, we have the isomorphisms Hom KN (R) (j ! (X), Y ) = Hom KN (R) (P, Y ) ∼ = Hom DN (R) (P, Y ) ∼ = Hom DN (R) (X, Y ).
This implies that (j ! , can) is an adjoint pair. Let X be an N -complex. Then Theorem 3.11 yields a quasi-isomorphism X → I with I ∈ dg I N . By analogy with the preceding proof, we see that j * : D N (R) → K N (R) given by j * (X) = I is a fully faithful functor and (can, j * ) is an adjoint pair. We have established the desired recollement.
By [3, Lemma 2.1], dg P N is a right triangulated subcategory of K N (R). So the inclusion j : dg P N → K N (R) is a right exact functor. This yields a functor Qj : dg P N → D N (R) that is distinct on objects, and this functor is fully faithful by Lemma 3.3. Let X, Y be objects of K N (R). Note that j ! sends every object of D N (R) into an object of dg P N ⊆ K N (R); it follows from Lemma 3.3 that Hom DN (R) (X, Q(Y )) ∼ = Hom KN (R) (j ! (X), Y ) ∼ = Hom DN (R) (Qj ! (X), Q(Y )).
One checks that this map is just composition with the counit ε X : Qj ! (X) → X, and by a standard argument this implies that ε X is an isomorphism. Therefore, Qj is an equivalence. The argument for the second equivalence is identical. 
